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It is proved that for given unequal positive numbers h, k there exist infinitely 
many natural numbers n for which n, n + h, n + k are all sums of two squares. 
J. E. Littlewood has raised the question of whether for given unequal 
positive numbers h, k there exist infinitely many numbers n for which 
n, n + h, n + k are all sums of two squares. The object of this short com- 
munication is to show that the answer to this question is in the affirmative. 
Let the differences h, k, h - k be indicated without regard to order by 
f a, f b, & c. Then, since either one or all of a, b, c are even, we can 
assume that a is even. Also, if a, b, c be all even, then one of them at least 
is congruent to 0, module 4, and we can therefore in this case assume 
additionally that b = 0, mod 4. 
Since the number of representations of a number as a sum of two squares 
is finite, it is enough to shew that the simultaneous equations 
5” + q2 - x2 - y2 = a, (1) 
X2+ y2-$-y2=b (2) 
have infinitely many solutions in x, y, 5; r], X, Y when a and b with appro- 
priate signs are chosen as in the previous paragraph. Now, if 
t=x+1, rl=y-1, (3) 
then (1) becomes 
2x - 2y + 2 = a, 
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which has the general solution 
x = z, , y= Z,-A, 
where Z, is an arbitrary integer and where 
A = &z- 1. 
(4) 
Next, substituting in (2) the values of x, y given by ,(4), we obtain 
X2 + Y2 - Z12 - (2, - A)2 = b, 
which after some simplification is seen to be equivalent to 
2X2 + 2Y2 - (22, - A)2 = 2b + A2. (5) 
Two cases must then be distinguished. If A be even, then the solution of (5) 
is equivalent to that of 
@(X, Y, Z) = X2 + Y2 - 2Z2 = b + +Az. (6) 
On the other hand, if A be odd, then (5) is equivalent to 
Y(X, Y, Z) = 2X2 + 2Y2 - Z2 = 2b + A2, 
since the latter has only solutions for which Z is odd. 
(7) 
We appeal to the theory of representation of numbers by ternary 
quadratic forms of which a comprehensive account is given, for example, 
in L. E. Dickson’s Studies in the theory of numbers. Since the invariants of 
@ are d = -2 and Q = 1, a reference to the footnote on p. 192 of this 
book shows immediately that @ is a universal form, that is to say, one that 
represents all integers including zero through values of X, Y, Z that are not 
all zero. Alternatively, the universality of this particular form can be easily 
demonstrated ub initio. Hence (6) has a solution in which X, Y, Z are not 
all zero. Turning next to the case where (7) is applicable, we observe that 
2b+A2=1,3,0r7,mod8, 
since A is odd and b is either odd or congruent to 0, mod 4. The invariants 
of Y being d = -1 and G = 2, it then follows from Dickson, 
Theorem 56, that in this case (7) is soluble (to apply this theorem it is 
necessary to reverse the sign of the equation so that the invariants become 
d = I and IR = -2). Again, however, the complicated theory inherent in 
Dickson’s treatment can be avoided if desired since all the principles 
needed for this case are given in the Disquisitiones Arithmeticae, arts 
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266-287, the form Y(X, Y, 2) being the adjoint (as defined by Gauss) of 
xZ + y2 - 2z2, which as Gauss shows is a representative of the only 
properly primitive class of indefinite ternary forms of determinant 2 
(as defined by Gauss). 
Equations (6) and (7) being always soluble in integers that are not all 
zero, it follows that they have an infinite number of solutions in accordance 
with the fact that an indefinite ternary form has an infinite number of 
automorphics. Infinitely many simultaneous solutions to (1) and (2) are 
thus furnished through (5), (4), and (3), and the answer to the proposed 
question is therefore in the affirmative. 
